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A BOUND ON THE GEOMETRIC GENUS OF PROJECTIVE
VARIETIES VERIFYING CERTAIN FLAG CONDITIONS

VINCENZO DI GENNARO

ABSTRACT. Fix integers n,r, s1, ...,s; and let S(n,; s1, ..., s;) be the set of all
integral, projective and nondegenerate varieties V' of degree s1 and dimension
n in the projective space P", such that, for all i = 2, ...,l, V' does not lie on any
variety of dimension n + 7 — 1 and degree < s;. We say that a variety V sat-
isfies a flag condition of type (n,r;s1,...,s;) if V belongs to S(n,r;s1, ..., s;).
In this paper, under the hypotheses s; >> ... >> s;, we determine an up-
per bound G’h(n, r;81,...,51), depending only on n,r, s1, ..., s;, for the number
G(n,r;s1,...,81) = max{pg(V) : V € S§(n,r;s1,...,s1)}, where pg(V) denotes
the geometric genus of V. In case n = 1 and | = 2, the study of an upper
bound for the geometric genus has a quite long history and, for n > 1,1 =2
and s2 = r —n, it has been introduced by Harris. We exhibit sharp results for
particular ranges of our numerical data n,r, s1, ..., s;. For instance, we extend
Halphen’s theorem for space curves to the case of codimension two and charac-
terize the smooth complete intersections of dimension n in P13 as the smooth
varieties of maximal geometric genus with respect to appropriate flag condi-
tion. This result applies to smooth surfaces in P5. Next we discuss how far
Gl (n,r;s1,...,8) is from G(n,r;s1,...,5;) and show a sort of lifting theorem
which states that, at least in certain cases, the varieties V' € S(n,r; s1, ..., ;)
of maximal geometric genus G(n,r; s1,...,s;) must in fact lie on a flag such as
V=VcC VS’;‘H c..C V;;"’l_l C P, where V# denotes a subvariety of PT
of degree s and dimension j. We also discuss further generalizations of flag
conditions, and finally we deduce some bounds for Castelnuovo’s regularity of
varieties verifying flag conditions.

0. INTRODUCTION

Fix integers n,r, s1,...,8 such that 1 < n < r -2, 2 <[ < r —n, and let
S(n,r; 81, ..., 51) be the set of all integral, projective and nondegenerate varieties V
of degree s; and dimension n in the projective space P”, such that, for alli =2, ..., 1,
V' does not lie on any variety of dimension n + ¢ — 1 and degree < s;. Following
[CCD2], we say that a variety V satisfies a flag condition of type (n,r; s1,...,s;) if
V belongs to S(n,r; s1, ..., s;). In this paper, under the hypotheses s >> ... >> s,
we determine an upper bound Gh(n,T;sl, .., 1), depending only on n,r, s1, ..., S,
for the number

(0.1) G(n,r;s1,...,81) == max{py(V) : V € S(n,r;s1,...,51)},
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where py(V') denotes the geometric genus of (a desingularization of) V' (see Theorem
(2.5) and, for the special case [ = r —n, Theorem (4.1)). Note that G(n,7;s1, ..., 51)
is a finite number by a general result of [Hr2].

In the case of curves, i.e. when n = 1, we refer to [CCD2] for an overview on
this question and related topics. Here we only notice that, when n =1 and [ = 2,
the study of an upper bound for the geometric genus has a quite long history (see
[Ha], [No], [Ca], [GH], [ACGH], [Ht], [GP], [Hr1], [EH], [Cil], [CCD1], [CCD2]) and
that, for n > 1,1 = 2 and s = r — n, it has been introduced by Harris [Hr2]. As
well as in [D], where we generalize to the case n > 1 some of the results obtained
in [CCD1] for n =1 and I = 2, in the present article we partly extend [CCD2] and
[CCD3] to the case n > 1.

Let us now discuss our results in more detail.

We begin in Section 1 by establishing our notation and conventions. Here we
define the functions G"(n,r;s1, ..., s;) and make explicit what the condition s; >>
... >> s; means. Our main result, i.e. Theorem (2.5), appears in Section 2 and
claims that G”(n,r;s1,...,s;) is in fact an upper bound for G(n,r;s1,...,s;). In
order to show this theorem, we need some numerical properties of the functions
G"(n,r;s1,...,5) which are essential in the rest of the paper and whose proof
we exhibit in the Appendix. The first, i.e. Proposition A, is a result on the
asymptotic behaviour of the functions G”(n,r; s1, ..., 51), which enables us to obtain
certain properties of monotonicity of these functions, i.e. Proposition B. It is worth
remarking the delicate role which the properties of monotonicity of the functions
G(1, 3; 51, s2) historically play in the study of space curves [Ha], [GP]. For instance,
we recall Halphen’s principle, which claims that G(1,3;s1,82 + 1) < G(1,3; 81, 52)
[E]. In Corollary (4.9) we extend such a principle to the functions G(n,r; s, ..., s;)
we introduced in (0.1), at least for particular ranges of n,r, s1, ..., 5.

Next, Sections 3 and 4 are devoted to analysing the sharpness of the bound
G"(n,r;s1,...,5). First in Section 3 we specialize our study to the case of codi-
mension two, i.e. r —n =2 (and, a fortiori, [ = 2). Here we extend to codimension
two Halphen’s theorem for space curves (see [Ha], [GP] and our Theorem (3.1)).
This gives an answer to a question in [Ci3, p.37], improves [NV, Theorem 4] and
[N, Theorem (5.4)] for s; > s3 — s2, and also improves the analysis of the case
| = 2 introduced in [D]. In particular it follows that, for s; > s3 — sa, the bound
G"(n,n+2;s1,52) is sharp, i.e. G"(n,n+2;s1,82) = G(n,n+2;s1, s2) (see also [D]
for other ranges of n, r, s; and sy for which G”(n,r; s1, s2) is sharp). We also point
out that, when n > 4, any variety V € S(n,n + 2;s1, s2) of maximal geometric
genus, not a complete intersection, must be singular (at least when s; >> s9, and
s9 = 2 or the remainder of the division of s; — 1 by ss is different from 0,1, s5 — 3
(Theorem (3.1), (iii))).

On the other hand, it is known that, when [ > 3, Gh(l, T; 81, ..., 81) is necessarily
not sharp (see [CCD2, Remark (2.5)] and (1.5)). This leads us to expect that
also G"(n,r;s1,...,8) is not sharp, for n > 2 and [ > 3. However, by using the
results for curves in P4 proved in [CCD3], in Section 4 we refine our upper bound
in the special case | = r —n > 3. Hence we define a more subtle upper bound
G"(n,r;s1, ..., 5r_n), which we prove to be sharp when I =7 —n = 3, 51 >> s >>
s3 and sy divides s1 (Theorem (4.2)). Next we obtain a characterization of the
smooth complete intersections of type (a,b,c) in P*"*3, with a >> b >> ¢, as the
smooth varieties of maximal geometric genus with respect to the appropriate flag
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conditions (n,n + 3;abe, be, ¢) (Theorem (4.3)). Notice that this result applies to
smooth surfaces in P® (in this case, see Theorem (4.4) for a more general statement),
and that the analogous property in codimension two is a particular case of our
extension of Halphen’s theorem (i.e. Theorem (3.1)). Also note that, in the ranges
where we exhibit sharp results, all the varieties V' verifying flag conditions and of
maximal geometric genus can have only weak singularities, in the sense that they
verify the equality p,(V) = h°(V,wy), where wy denotes the dualizing sheaf of V
(in general, one has p, (V) < h°(V,wy) (Lemma (2.2))).

At the end of Section 4 we address the problem of how far G”(n,r;s1, ..., s;)
is from G(n,r;s1,...,s;) and give a numerical estimate on the gap between the
two values, at least for some particular range of n,r, s1,...,s;. It turns out that
G"(n,r;s1,...,s1) and G(n,r;s1,...,5) have the same asymptotic behaviour, i.e.
s"T/(n +1)!s% (see Remark (4.10), (ii)). Then, by using Theorem (2.5), we will
obtain a sort of lifting theorem which states that the varieties V € S(n,r; s1, ..., 1)
of maximal geometric genus G(n,r; s1, ..., s;) must in fact lie on a flag such as

(0.2) V=vrcvittc vttt cpr,

where V7 denotes a subvariety of P" of degree s and dimension j (see Corollary
(4.8) for a precise statement). In other words

(0.3) G(n,r; 81, ..., 81) = mazx{py(V): V € F(n,r;s1,....8)},

where F(n,7;s1,...,5;) denotes the set of all varieties V' C P" lying on a flag of
type (0.2). In the case of curves (i.e. n = 1) and with respect to the arithmetic
genus, the equality (0.3) is proved in [CCD2, Proposition (2.7) and Corollary (2.8)]
for any r and s7 >> ... >> s;.

In the last Section 5 we deduce some new bounds for Castelnuovo’s regularity
of varieties verifying flag conditions, improving [NV, Corollary 15] in the case | =
r—n =2and s; >> sy > 3, and extending [CCD2, Proposition (2.4)] to higher
dimensional varieties (see Theorem (5.2) and (5.3)).

Finally we refer the reader to Remark (2.6) for a discussion on further general-
izations of flag conditions (in particular we give a bound for the geometric genus
of a variety in P” which does not lie on any hypersurface of given degree), and to
Remark (5.4) for a lower bound for the Euler characteristic of a surface in P*.

I'm grateful to L.Chiantini and C.Ciliberto for valuable discussions and sugges-
tions, and their encouragement. I would like to thank V.Beorchia and A.Tortora
for their bibliographic suggestions.

1. NOTATION, CONVENTIONS AND SOME BASIC DEFINITIONS

(1.1) We work over an algebraically closed field k of characteristic 0 and denote
by P" the projective space of dimension r over the ground field k. Unless otherwise
stated, a variety V. = V* C P" is a reduced, irreducible, nondegenerate, possibly
singular, projective scheme of dimension n and degree s. Recall that a variety
V C P" is nondegenerate if it is not contained in a hyperplane. Given a variety
V =V C P", we denote by Oy its structure sheaf and by Zy the ideal sheaf of V'
in P". As usual, for any coherent sheaf F on V, we set h'(V, F) = dim H'(V, F).
We denote by V¥ the intersection V* 0 L™="+i, where L™+ (0 < i < n) is the
generic (r — n + i)-dimensional subspace of P”. When there is no possibility of
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confusion, we use also V(@ to denote Vs(i), and sometimes the symbol I' to denote
V{9 Notice that V = V™,

(1.2) fV =V C P" is a variety, for all i = 0, ..., n we denote by py¢) (t) (hy . (t)
resp.) the Hilbert polynomial (the Hilbert function resp.) of V(). Moreover we
indicate by py(V) (pa(V) resp.) the geometric genus (the arithmetic genus resp.)
of V. We denote by wy the dualizing sheaf of V [Ht]. Notice that h(V,wy) =
h"(V,0y) and so, when n = 1, one has RO(V,wy) = pa(V). If V. — V is a
resolution of singularities of V' then we have p,(V) = ho(‘~/,w‘~/) [Hr2]. We refer
to [R] for the notion of variety with only canonical singularities. Next we recall
that a variety V. = V* C P" (n > 1) is said to be arithmetically Cohen-Macaulay
(shortly a.C.M.) if all the restriction maps H°(P", Op+(i)) — H°(V, Oy (i)) (i € Z)
are surjective and H7(V, Oy (i)) =0 for all i € Z and 1 < j < n — 1 [Se]. Observe
that if dimV > 2 then V is a.C.M. if and only if its generic hyperplane section
is. Also note that for an a.C.M. variety V one has h%(V,wy) = p,(V). Finally we
recall that a variety V' C P7 is said to be m-regular (in the sense of Castelnuovo
and Mumford) if H{(P",Zy(m —i)) =0 for all i > 0 (m € Z). In such a case it is
known that the homogenous ideal of V' is generated in degree < m [M].

(1.3) Throughout the paper we fix integers n, r, 1, ..., s; such that 1 <n <r—2,
2<i<r—mands; >r—n—i+2foralli=1,..,1. We define the numbers a;
and b; by dividing

8; — 1 =a;siy1 + by, 0 <b; < siy1,

for all v = 1,...,1l, where s;41 ;=7 —n —1+ 1. When [ < 3, we will simplify this
notation by setting d = s1, s = s2 and t = s3 (see §3, §4 and also (1.5) below).
We denote by S(n,r; s1, ..., 51) the set of all varieties V verifying a flag condition of
type (n,7;51,...,5) and define F(n,r;s1,...,51) as the set of all varieties V7 C P"
lying on a flag such as (0.2). Moreover we denote by j-:(n, 381, ..., 51) the set of all
varieties V" C P" lying on flags of type V = V» c V! c .. c V=2 Cc P7,
where V;;il” C P7 is a variety not lying on varieties W C P" of dimension n+1—1

and degree strictly less than s;. Notice that S(n,r;s1, s2) = F(n,r; s1, s2).

(1.4) In order to make use of the results showed in [CCD2], which are essential
in the rest of the present paper, and to get certain numerical estimates, we need
the following assumptions on our numerical data n,r, s1, ..., s;:

i 1)3
(1.4.1) si>8(l—1){(l—z’+1)2+2(1—i+1)+9 %7
i 1)2
(1.4.2) 5; > G +1° ) + 2(r—n) —2)(si+1 + 1),
r—m-—1
; 1 r—n—1 . o
(1.4.3) 5; > 2% [(r—=n+1—9)!(siy1 +1)] e
j=1
foralli=1,...,1 — 1, and
1 3
(1.4.4) 51> 8n! {4(1 + 1) 42" In(n + 8) LU
(r—m-—1)
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For instance, we need the hypothesis (1.4.1) to use [CCD2, Proposition (1.1)] for
proving, with the assumption (1.4.4), our Propositions A and B (see §2 and the Ap-
pendix), and the hypotheses (1.4.2) and (1.4.3) to use [CCD2, Proposition (2.1)] for
proving our main result, i.e. Theorem (2.5). We will abbreviate these assumptions
by writing
S1 >> ... >> 8.
As in [CCD2], these numerical hypotheses are certainly not the sharpest for our
purposes. They are only of the simplest form we were able to conceive (however,
in Section 3 we will simplify these assumptions).
(1.5) Now we define the function G”(n, r; s1, ..., ;) which will represent our upper

bound for G(n,7;s1,...,8;). To do this, we simply need that s; > s? | — s;_1, for
allt=1,...,1 — 1. We put

(15.0) i) =Y ( - 1)@1 (e =+ List, e s)(0),

where the function h(r —n+1; s1, ..., ;) is defined by induction on [ as follows. Put
" =r —n+1. For [ =2 we define

h(r'; s1,82)(i) == ZAh(r’; s1,82)(J),
§=0

where

0, 7 <0,
(’I”/—2)j+1, 0<j5<aqg,
) 52, az <j < ai,
Ah(r';s1,s =
( 1:52)(7) sot+k—(r—=2)7j—a), a1 <j<ai+é,
so+k—("=2)Gj—a1)—1, a1+é6<j<a;+az+te,
0, j>ai+az+e,

with k, 8 and e defined as follows
b1 <a2(r'—1—b2) =e=0,b; :ka2+6,0§6<a2,

by Zag(r/—l—bQ)ée:1,b1—|—7“/—2—b2:k(a2—|—1)—|—5,0§6<a2—|—1.
Next, for [ > 3, put
h(r'; 81, ..., 8)(4)

S b = 1y ss, e s)(), 0<i<ay.
o min{s1, h(r'; s1, ..., 81)(a1) + h(r'; 81, .y s1)(i —a1) — 1}, @ > aq.

These functions h(r'; s1, ..., s;) are introduced in [CCD2] (see also [CCD1] and [D]
for the case [ = 2), to which we refer for a detailed discussion on their definition
and properties.

We think it will be useful to briefly recall some basic facts, under the assump-
tion s; >> ... >> s. First, h(r;s1,...,8)() = s1 for ¢ >> 0, and for any
curve V € F(1,7;51,...,5) one has hp > h(r;si,...,s;) (recall that T' = V().
In other words h(r; s1,...,$1) is a lower approximating function (LAF) for the set
{hr : V € F(1,r;s1,...,8)}. In particular our definition (1.5.1) makes sense.
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By using the well known formula p,(V) < po(V) < 3272, (s1 — hr(i)) [EH], it
follows that G"(1,7;s1,...,5,) is an upper bound for the numerical set {p,(V) :
V€ F(1,7;51,...,81)}. Actually G*(1,7;s1,...,5;) turns out to be an upper bound
for the set {p.(V) : V € S(1,r;s1,...,81)}, in particular for G(1,7;s1,...,8;) (see
(0.1)). Moreover one proves that in the special case | = 2 the function h(r; s1, s2)
is the sharp function (SF) for the set {hr : V € S(1,7;51,s2)}, i.e. h(r;s1,s2)
is an LAF for this set and there is an a.C.M. curve V' € S(1,r; s1, s2) such that
hr = h(r;s1,s2). It follows that G"(1,7;s1,s2) is a sharp upper bound for the set
{pa(V):V € S(1,7;s1,52)}. In particular observe that, for so =7 — 1 (for r = 3
resp.), we find again a famous theorem by Castelnuovo [Ca], [EH] (by Halphen
[Ha], [GP] resp.). On the other hand, when I > 3, one does not know whether
h(r;s1,...,81) is an LAF for {hr : V € S(1,7;$1,...,5)}, and one can show that
h(r;s1,...,81) is not an SF for the set {hr : V € F(1,r;$1,...,5)}. In particular,
when [ >3, Gh(1,7; 51, ...,5) # G(1,7;51, ..., 51) [CCD2, Remark (2.5)].

However in [CCD3] the authors refine the function h(4; s1, s2, s3) and determine,
in the special case 7 = 4 and | = 3, the sharp function h(4;s1, s2, s3) for the set
{hr : V € F(1,4; s1, 52, $3) }, which we are going to define.

To simplify the notation, set d = s1, s = s2, t = s3, m = a1, € = b1, a = ag,
3 = by (compare with (1.3)). As usual assume d >> s >> t. Next,

ife>s—(B+1)(a+B+2—1),divides—e—1=u(a+S+2—1)+v and put
a=t—u—landb=m+a+6+1—u—uv;

ife<s—(B+1)(a+p+2—1t),divide e =u(a+ 8+ 1)+v and put a = v and
b=m+u+v+1

Then divide s +a=pt +¢,0< ¢ <t, and put Fj  , = I defined by

Ah(4;d,s,t)(n), if n<m,
S_("_’;H), if m<n<m-+a,
F'(n) s—(”_g”l)—(n—m—a), if m+a<n<m4+t—1,
n):=
s—(5)—(t—a—1)—tlh—m—t+1), if m+t—1<n<m+p,
(t+p+w21—n—1)+(m+p+q_n), if m+p<n<m+p+yq,
(Hretmenly, if n>m+p+q.
Finally put
F'(n) if n<b or n>m+p+yq,
Fd,s,t(n) = ’ .
F'n)—1 if b<n<m+p+q-—1,
and define
J
h(4;d,s,t)(§) =Y Fa (i)
i=0
and
GM(1,4;d,s5,t) == > (d— h(4:d,5,0)(3)).
i=1

It turns out that Gﬁ(1,4;d,s,t) is a sharp upper bound for the set {~pa(V) Ve
S(1,4;d,s,t)} [CCD3]. In Section 4 we will use these new functions h(4;d, s, t) to
refine our bound G”(n,r; 51, ..., $,_,), in the particular case [ = r —n > 3.



A BOUND ON THE GEOMETRIC GENUS OF PROJECTIVE VARIETIES 1127

2. THE MAIN THEOREM

In this section we prove our main result on the bound of the geometric genus of
a variety verifying flag conditions (i.e. Theorem (2.5)). First of all we need some
numerical properties of the functions G"(n,7;s1, ..., s;), which will be essential in
the rest of the paper (see Propositions A and B below, whose proof we exhibit at the
end of the article, in the Appendix). Next we need some set-theoretical properties
concerning the sets defined in (1.3) (see Lemma (2.1)) and then a preliminary
proposition (i.e. Proposition (2.4)), which can be seen as an extension of [CCD2,
Proposition (2.1)] and [D, Theorem (1.1)]. Finally, in Remark (2.6), we make some
comments on varieties verifying generalized flag conditions. We keep all the notation
and conventions we introduced in §1.

Proposition A. With the above notation, assume that
S1 >> 89 >> ... >> 8.

Then there are rational numbers n and O such that

4—n

3 s
<7 l0I< st 252 [4(1 + 1) + 2" n(n + 8)]
3
and that
n+1
S1
GM(n, 7y 81,y 8) = ———
(naTa 51, aSl) (7’L+ 1)!82”
s So S 2
— | =+ .. — - —(n—1 0.
2n!52”—1[53+ +sl+1 r—n—|—1—l+n (n )]+

As a consequence of the previous proposition, one obtains some properties of
monotonicity of the functions G"(n,r;s1, ..., 5;).

Proposition B. With the above notation, assume that

§1 >> 89 >> ... >> 8.

Put
51” 251
= — (1 4
2 2n152"—1[(n+1)52(52+1) (T4 n+ )]
and, for1=3,...,1,
o 51" [ Si—1 S; ]
" 2nlsyn 1l bsi(s; + 1) r—n+1-—3"

Then we have
(1) 0 < b < -1 < ... < b3 < bay
(ii) &; < GM(n,r;81,...,5) — GM(n, 581, ...,8i-1,8; + 1), for alli =2,...,1.

As we said, we refer to the Appendix for the proofs of Propositions A and B.

Lemma 2.1. As usual assume that s1 >> ... >> s;. Then the following properties
hold.

(1) ‘F(nvr;ShSQa ) SZ) c ﬁ(n)T; 51,52, "'7Sl) c S(TL,T; 81,52, "'7Sl)'
(2) S(n,r;s1,82,...,8) C Ué:2.7-'(n,r; 81,82, ..y 8i + 1) UF(n,r; 81, 82, ..y S1).
(3) If V e S(n,r;s1, S2,...,81) then, for all j =1,...,n, one has

4 I~
V) e U 2f(j,r—n+j;51,52,...,si + D UF(G,r—n+7;81,82, - 81)-
1=
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4) IfV e .%(n,T;sl,SQ,...,sl) then, for all j = 1,...,n, one has
V) e .f’-:(j,r —n+ j;81,82, ..y 51).

Proof. Property (1) follows by using Bezout’s theorem, taking into account our
numerical hypotheses s;1 >> ... >> s;.

To prove (2), consider a variety V;? € S(n,7; 51, 52, ..., 51) and notice that if V" is
not contained in any V™! with o < s+ 1 then V" € F(n,r;s1,52+1). Otherwise
V" is contained in some variety V/*!. If this variety is not contained in any V"2
with o < s34 1 then V]! € ]?(n,r; 51, 82,83 + 1). Otherwise V/**! is contained in
some variety VS’;"’Q. Continuing in this fashion one shows property (2).

In order to prove property (3), notice that by the lifting theorem [CC, Theorem
(0.2)], the generic linear section Vs(lj ) = VN L™="%J cannot lie on varieties of
type Wi+l c L'~ with o < s5. Hence, as before, we have two possibilties.
If Vs(lj) is not contained in any Wg“ C L™ "7 with ¢ < s + 1 then Vs(lj) IS
F(G.r —n+ jis1,s2 + 1). Otherwise Vi) is contained in some Wit c Lr—nti
which can be lifted, by the quoted theorem, to a VS’;‘H C P” containing V7 and
such that Véj D Wg;l. From this we deduce, again by using the lifting theorem,
that W2 is not contained in any W7t? c L™"" with o < s3. If Wil is
not contained in any WZ+2? C L™ "%/ with ¢ < s3 + 1 then we have Vs(lj) €
F(j,r—n—+j; s1, 52, s3+1). Otherwise Wi is contained in some W72, Continuing
in the same manner one shows that either

, 1
(©) P i .
Vi e Ui:28(j7r n+j;81,82,...,8 +1)
or
V(J) € f(j7T —-n +.77 81,52, vy Sl>7
i.e. property (3).
Finally we notice that (4) follows again by using [CC, Theorem (0.2)]. |

The next lemma can be seen as a generalization of a classical result (i.e. [EH,
Corollary (3.2)]) and, together with Remark (2.3) below, it will be essential in the
rest of the paper.

Lemma 2.2. Let V C P" be a variety of dimension n and degree d. Then one has

i—1
n—1

py(V) < WO(Viwoy) <3 ( )(d— hei),
=1

where T' = V0,

Proof. By [Ci2, proof of Lemma (2.3.1)], we have that p,(V) < h°(V,wy). On the
other hand, by the definition of dualizing sheaf [Ht] one has h°(V,wy) = h"(V, Oy).
And so, in order to prove our claim, it suffices to show that

URES 31 G [ O

This is an application of the classical method of Castelnuovo, for which we refer to
[NV, Lemma 5] (compare with [Hr2] and [D, Proposition (1.2)]). |
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Remark 2.3. Notice that, by the proof of previous lemma, it follows that

0 (i1 ,
(2.3.1) V o alCM = hV,wy)= ; <n B 1) (d — hr(i)).
It is well known that, in the case of curves (i.e. n = 1), the converse of (2.3.1) holds
[EH]. It is no longer true for higher dimensional varieties. For instance, consider the
Veronese surface S in P4, which is a smooth surface not a.C.M., being a projection
of the Veronese surface in P?. However, by direct computation, one sees that
PalS) = pg(S) = (i = 1)(4 — hr(0)) = 0.
i=1

It may be interesting to point out that the Veronese surface is the only example in
P* for which the converse of (2.3.1) fails, in the following sense.

For a smooth surface V' of degree d one has p,(V) < py(V), and so, by the
previous lemma, p,(V) < 377, (i — 1)(d — hr(i)). Combining the classical result
of Severi [Sv] that the Veronese surface is the only smooth surface in P* which is
not linearly normal, with [D, Theorem (3.7) and proof], one can see that if V is a

projective, nondegenerate, irreducible and smooth surface in P*, of degree d, then
pa(V) =372, (i —1)(d— hr(i)) if and only if V is a.C.M. or the Veronese surface.

Proposition 2.4. Let [ > 2 be an integer and let us consider a flag

Vi=Vi Vit cLcyptis?

Si—1

of projective, irreducible, nondegenerate varieties in P". Let us assume that V;}j’f‘z
is mot contained in any VIl with s < 5. Consider the generic (r — n)-
dimensional subspace L™™™ of P" and put I' := V. N L"™". As usual, assume

s1>>...>>s;. Then
hr > h(r —m+1; 81, ..., 81)-
In particular, one has

pg(V) < Gh(n,r; S1y.eey 81)-

Proof. Since V' € .f’-:(n,r; 51, 82,...,5) then, by Lemma (2.1), (4), one has V(1) ¢
F(1,7 —n+1;s1,82,...,s). Hence we can apply [CCD2, Proposition (2.1)] to the
curve V) and deduce that hr > h(r —m+ 1581, ..., 81)-

The last assertion now follows by Lemma (2.2) and by the definition (1.5.1) of

the function G"(n,r;s1, ..., s1). |

Now we are in position to prove our main result. First we recall that the number
61, which appears in its statement, was defined in the statement of Proposition B.

Theorem 2.5. Let V be an irreducible nondegenerate variety of dimension n, de-
gree s1 and geometric genus py(V) in P". Let | =2,...,r — 1 be an integer and let
S92, ..., 81 be positive integers (with s > r —n — 1+ 2) such that, as usual,

§1 >> 89 >> ... >> 8.

Let us also assume that for all i = 2,...,1, there is no V/**'=1 containing V with
s < s;. Then we have:
(Z) pg(V) S Gh(n,r; S1yeeey Sl);
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(i) if G"(n,7; 81, ..., 81) — pg(V) < &1, there is a unique flag
— +1 +i-1
Ve=V]cVvim c..cVy cP.

Proof. (i) Since V' € S(n,r;s1, S2, ..., s1) then, by using Lemma (2.1), (2), either
Ve j-:(n,T;sl,sz,...,si + 1) for some i = 2,....l or V € F(n,r;s1,82,...,5). In
the first case, by Proposition (2.4), we have py(V) < G"(n,r;s1,82,...,si + 1),
which is strictly less than Gh(n,r; 1, 82, ..., 81) by Proposition B. Otherwise V' €
F(n,r;s1,82,...,8). In particular, by Lemma (2.1), (1), V € .f’-:(n,r; S1,82, ...y S1)
and so, again by Proposition (2.4), p,(V) < G"(n,r; s1, s2, ..., 81).

(i) As before, by using Lemma (2.1), (2), we have, a priori, two cases. If V €
.f’-:(n,r; 81,82, .., 8; + 1) for some i = 2,...,1 then, by Proposition (2.4), we have
pg(V) < G"(n,r;s1,s2,...,s; + 1) and so, by Proposition B,

Gh(naT; 51, 52, "'751) —pg(V)
> Gh(n,r;sl,SQ, vy 81) — Gh(n,r;sl,SQ, w8+ 1) >6; > &,

which is in contrast with our hypotheses. It follows that V' € F(n,r;s1, sa, ..., 81),
i.e. V lies on a flag whose uniqueness follows by Bezout’s theorem and by the
hypotheses on the s;’s. O

Remark 2.6. As in [CCD2, Remark (2.9)], we notice that the flag conditions we
considered in the present paper could be generalized. Precisely, one could say that
a variety V C P” verifies a generalized flag condition of type (n,r; s1, sém), s sl(”))
if V is of dimension n and degree s; and does not lie on any variety Vi’ with s < s,
7 =2,...,1. Then one could try to determine or estimate the maximum geometric
genus of varieties verifying such a generalized flag condition. We are not able to
deal with this problem in such generality. However we want to briefly discuss a
particular instance of it, for which we are able to provide some information and
give some flavour of what the general answer should be.

Precisely, we consider a flag condition of type (n,r;d, t(T_l)), i.e. we would like
to estimate the geometric genus py(V') of a variety V' C P" of degree d not lying on
any hypersurface of degree < ¢t. Such an estimate is not difficult to find. In fact, let
o(n + 1,7;t) be the maximum integer such that any variety W+ C P" of degree
< o(n+1,7r;t) in P lies on a hypersurface of degree ¢ — 1. Then, if d >> 0, by
our Theorem (2.5), we have

py(V) < G"(n,r;d,a(n +1,7;t)).
Of course the problem remains of determining o(n + 1,7;t). It is not so difficult
to give an estimate of o(n + 1,7;¢):
t—14n t—14n
)<

+1

o(n+1,7;t) >maw{5€N:s<
n

) < ho(P", Op-(t — 1))}

Indeed one verifies that for every variety W"*1 of degree s in P” one has

) t4+n t4+n
n+1 < .
hW+(z)_5<n+1>+< " )
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In conclusion, if we put 6 :=&(n+1,r,t) := Wﬁ(t —147)...(t+n)—2tL
one finds with the above estimate (by Proposition A and Theorem (2.5))

dn+1
2.6.1 V)< —+0(d"),
from which we deduce, when ¢t > n + 1,
(rh)rdntt

(n+ D" gnlr—n—1)
and we remark that, using a variety Wn"*! given as a complete intersection of
r —n — 1 generic hypersurfaces of degree ¢ in P", and taking hypersurface sections
of Wn+1 of very high degree, we can find a variety V" verifying the desired flag
condition, whose geometric genus is

(26.2) pe(V) =

pg(V) < +0(d"),

dn+1
(n + D)lntr—n=1)
(to obtain (2.6.2) use a similar argument as in Lemma (4.7) of Section 4 below).
Notice that by (2.6.1) and (2.6.2) one can deduce that if d >> 0, t""""! > n+1
and ¢"~"~! divides d, then any variety V* C P" not contained in hypersurfaces of
degree < t and of maximal geometric genus, must lie on a hypersurface of degree
(n+1D)! 1

< 7 where 7 := min{i : "L A (i—147r) ... (i+n)— 25 > ¢"=""1} In particular

V' is contained in some hypersurface of degree

< t r—n—1 T! .
- (n+1)!

For instance we have that if 9 divides d and d >> 0, then any curve Cq C P*
not contained in quadrics and of mazimal geometric genus must lie on a sextic, or
also that any surface Sq C P® not contained in quadrics and of mazximal geometric
genus must lie on a hypersurface of degree 8. Notice that in the previous examples
one expects that the curve Cy (resp. the surface Sy) lies on some cubic.

+O(d")

3. THE CASE OF CODIMENSION TWO

In this section we analyse the case [ = r—n = 2, but first we want to make some
comments on the case [ = 2, r —n > 2. To simplify the notation, we put d = s,
$ =82, m=ay, €=by, w=ay and v = by (compare with (1.3)).

As we said in (1.5), in the case of curves, i.e. when n = 1, the number
G"(1,r;d,s) is actually an upper bound for the arithmetic genus of curves be-
longing to S(1,r;d, s) and in fact it is sharp for any d >> s > r — 1 [CCD1]. But,
with respect to the geometric genus, it is only known that the bound G"(1,7;d, s)
is sharp for certain ranges of r, d and s. For instance, this is the case when s = r—1
[EH], or r =3 and d > s* — s [GP], or any 7, d >> s > 2(r —2), 0 < v < r — 2 and
e>w(r—n—1-—wv) [CCDI1].

Of course, the question of sharpness in the case n > 2 is more difficult. Examples
of varieties verifying flag conditions of type (n,r;d, s) of maximal geometric genus
G"(1,7;d, s) can be found in [Hr2] for s = r —n, the so called Castelnuovo varieties,
andin D] forr > 2n+3, d>> s> n+1)r—-n—-1),0<v <r—-—n-1,
e>wlr—n—1-—w).

All this investigation goes back to the first result in this direction, i.e. Halphen’s
theorem ([Ha], [GP]), which establishes the existence of the bound G"(1, 3;d, s) and
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classifies the space curves whose geometric genus reaches the maximum. It turns
out that, for any d > s> — s and C € S(1,3;d, s), one has p,(C) < G"(1,3;d,s)
and, when C is smooth, p,(C) = G"(1,3;d, s) if and only if C is linked to a plane
curve by a complete intersection of type (s, m+1). In particular, such curves exist
and are a.C.M..

The aim of this section is to extend Halphen’s theorem to the case of codimension
two (see Theorem (3.1) below). We will later use this result for constructing, at
least in some range for the s;’s, varieties V € S(n, r; $1, ..., ;) with geometric genus
sufficiently near to G"(n,r;s1, ..., s1).

Theorem 3.1. Let V C P"*2 be a variety of degree d and dimension n. Assume
that V is not contained in any hypersurface of degree < s, with d > 5% — s, s > 2.
Putd—1=ms+¢€, 0<e<s. Then one has:

(i) pg(V) < G"(n,n + 2;d, s).

(ii) If V is linked to a complete intersection V' C P"*2 of type (1,5 —1—¢€) by a
complete intersection of two hypersurfaces of degrees s and m + 1, and if ps(V') =
hO(V,wy ), then py(V) = G"(n,n + 2;d, s). Moreover such varieties exist. And so
the upper bound G"(n,n+2;d, s) is sharp, i.e. G(n,n+2;d,s) = G"(n,n+2;d,s),
and, for 1 <n <3, it is attained by smooth varieties.

(iii) Assume py(V) = G"(n,n + 2;d,s). Then py(V) = h°(V,wy) and, when
d > max{4s?, (n + s)?}, V is contained in a hypersurface of degree s (i.e. V €
F(n,n+ 2;d,s)). Moreover, if s = 2 or e ¢ {0,1,s — 3}, then V is linked to a
complete intersection V' C P"F2 of type (1,5 — 1 —€) by a complete intersection of
two hypersurfaces of degrees s and m + 1. In particular, V is a Cohen-Macaulay
and a.C.M. variety, and so, when n >4 and € # s — 1, V must be singular.

Proof. First observe that if s = 2 then our theorem is known by Harris’ classification
of Castelnuovo varieties [Hr2]. Hence we may assume s > 2.

When d >> s, property (i) follows by our Theorem (2.5). However, in case of
codimension two, by using [GP] and the generalized Laudal’s lemma [St], we have
that hr > h(3;d,s) also when d > s? — s, and so, by Lemma (2.2), property (i)
holds also under the more general hypotheses d > s — s.

In order to show (ii), first assume that V is linked to a degenerate V' C P"+2
and that py(V) = h°(V,wy). Take the generic curve section V(1) C P3. Tt is
well know that V(1) is a.C.M. and of maximal arithmetic genus with respect to
the flag condition (1,3;d,s) [GP]. Hence V is a.C.M. and hr(i) = h(3;d, s)(i) for
all i. By Remark (2.3) and our hypotheses p,(V) = h%(V,wy), it follows that
pe(V) = G"(n,n + 2;d, s).

Now, to prove the sharpness of the bound, consider a variety V' linked to a generic
complete intersection V' C P2 of type (1,5 — 1 — ¢), by a complete intersection
of two generic hypersurfaces F' and G containing V', of degree respectively s and
m+ 1 (by [PS] we know that, for 1 < n < 3, V is smooth). In order to evaluate
the geometric genus of V, consider the blow-up p : P — P"+2 of P2 at V',
Let E be the exceptional divisor of the blow-up, and F = p*F — F| G = p*G—FE
and V the proper transforms of F'; G and V in P Since F' and G are generic with
respect to the condition of containing V', then V=Fn G V is smooth and so
pg(V) = h°(V,wy). Taking into account that wp = Op(E)(—n —3), and using the
adjunction formula, one sees that wy; = (Op(—E)(m+s—n—2))|y. It follows that

(3.1.1) po(V) = hO(V,wg) > RO (P"*2 Ty (v)) — hO(P™" 2, Iy (v))
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where M denotes the complete intersection FNG and v =m+s—n —2. Let 7 be
a generic plane of P2 and put I’ = 7NV’ and T = 7 N M. Using [D, Lemma
(2.4) and proof] and taking into account that V, V’ and M are a.C.M., one sees
that

RO(P™2, Iy (v) — B (P2, Ty (v) = Z

<m+5—3—
i=0

n—1

) uri) ~ o).

By direct computation one has, for all ¢,
hp(i) — hre (i) =d — h(3;d,s)(m + s — 2 — i),

from which we deduce that

N /m+s—3—i , ,
S ("I ke
m+s—2 i1
=¥ <i B 1) (d—h(3;d,s)(5)) = G"(n,n + 2;d, s).
Jj=n
Hence by (3.1.1) and (i) we get py(V) = G"(n,n + 2;d, s), and so the proof of (ii)
is complete.

In order to prove (iii), assume py (V) = G"(n,n+2;d, s) and notice that p,(V) =
h(V,wy) by Lemma (2.2) and Proposition (2.4), which, as we said before, in
codimension two, holds for d > s?—s. Next note that, when d > maz{4s?, (n+s)?},
V is contained in a hypersurface of degree s by [D, Theorem (3.3)]. Since V has
maximal geometric genus, then by [D, Theorem (1.8)] one has also hr = h(3;d, ).
In other words V(1 is a curve in P3 contained in a surface of degree s and of
“caractére maximum” in the sense of [E]. By [E, Proposition IV.2] (here we are
forced to use the restriction e ¢ {0,1,s — 3}) it follows that V) is a.C.M. and so
it is of maximal arithmetic genus with respect to the flag condition (1, 3;d, s). By
[GP] we know that V(1) is linked in P? to a plane curve of degree s — 1 — ¢ in a
complete intersection of two surfaces of degrees s and m + 1, and such a linkage
can be lifted in P"*2 because V is a.C.M. The last assertion follows by [PS]. O

Remark 3.2. (i) If V. C P" is a variety with only canonical singularities then
pg(V) = h°(V,wy) (see [R] and [K]).

(ii) Notice that, in the special case n > 3, s > 3 and € € {0,1,s — 3}, our
classification of the varieties V' € S(n,n+2;d, s) of maximal geometric genus is not
complete. In fact, in this case, we do not know whether a variety V' € S(n,n+2;d, s)
of maximal geometric genus is a.C.M. and consequently linked to a degenerate
variety in a complete intersection, as in Halphen’s theorem for curves. However, by
[D, Theorem (3.7) and proof] and taking into account [CCD1, Theorem (5.1)], we
know that a surface V € S(2,4;d,s), with d > 12s?, nonsingular in codimension
one and of maximal geometric genus G(2,4;d, s), is a.C.M.. Hence in this case we
do not need [E] in the proof of (iii) of the previous theorem, and so we can suppress
the hypothesis € ¢ {0,1, s — 3} and state Theorem (3.1) as follows.

Theorem 3.3. Let V C P?* be a surface of degree d, nonsingular in codimension
one, such that py(V') = h°(V,wy) (e.g. smooth or with only canonical singularities).
Assume that V is not contained in any hypersurface of degree < s, with d > s® — s,
$>2. Putd—1=ms+e 0<e<s. Then one has p,(V) < G"(2,4;d,s) and,
when d > 1252, p,(V) = G"(2,4;d, s) if and only if V is linked to a space surface
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V' of degree s — 1 — € in a complete intersection of two hypersurfaces of degrees s
and m+ 1.

As for the case of curves and surfaces, we believe that, in the case of n > 3, the
restriction on e can be suppressed. We hope to return to this question in a future

paper.
As a consequence of the previous results and Lemma (2.1), we have the following:

Corollary 3.4. Let V. C P™"*2 be a variety of degree d > max{4s?, (n + s)?} and
dimension n > 2, and let H C P"*1! be its generic hyperplane section. Assume that
ps(V) =h'(V,wy) and p,(H) = h°(H,wy) (e.g. V smooth or with only canonical
singularities) and that s =2 orn =2 ore ¢ {0,1,s—3}. Then V € S(n,n+2;d, s)
if and only if H € S(n—1,n+1;d,s) and, in such a case, py(V) = G(n,n+2;d, s)
if and only if pg(H) = G(n — 1,n+ 1;d, s).

Remark 3.5. (i) For any d >> s, there are a.C.M. varieties V' € S(n,r;d, s) such
that h®(V,wy) = G"(n,r;d, s). In fact, by [CCD1] we know that there are curves
C € S(1,7r —n+1;d, s) of maximal arithmetic genus p,(C) = G*(1,r —n+ 1;d, s).
In particular, hgo = h(r —n + 1;d,s). Taking cones over these curves, we can
construct the desired varieties V' (use Remark (2.3)). Observe that such varieties
V are ruled, and so py(V) = 0.

(ii) Notice that

dn+ 1 dn

G"(n,n+2;d,s) = (s—n—3)+0(d" )

(n+1)lsm + 2nlsn—1
with |O(d"~1)| < d"~ts?—m[37+14 4 27~ 1n(n +8)]. Moreover, by [NV, Theorem 4],
we have

+s—1 m+e m s—4
h 9. — m — — .
GH(n.n+ 2;d,5) n-+2 + n+1 n-+2 n-+2

4. THE CASE OF CODIMENSION THREE
AND FURTHER RESULTS IN THE GENERAL CASE

The next step is an analysis of the case [ = r —n = 3. As before, we start with
some comments in a more general situation, that is, [ =r —n > 3.

As we said in (1.5), when | > 3 the functions h(r — n + 1;s1, ..., $) we intro-
duced are LAF for F(1,7 —n+ 1;s1, ..., 5;) but not sharp. This leads us to expect
that for [ > 3 the upper bound Gh(n,r; $1,...,81) is not sharp. However, in the
special case r —n+ 1 = 4 and [ = 3, one can refine such functions by using the
functions h(4; s1, 2, s3) defined in (1.5), obtaining the sharp function for the set
F(1,4;s1,82,s3) [CCD3]. By means of these new functions one can improve the
upper bound G"(n,r;s1,...,5,_,) in the case | = r — n, in the following way (we
assume throughout this section s; >> ... >> s,_,).

First one defines new functions fz(r —n+1;s1,...,8—n) by induction on r — n,
putting for r —n > 3

h(r—n+1;81,..., 8p—n) (i) := Ziz(r — M58,y Sr_n)(j) for 0<i<a
§=0
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and

h(r—mn+1;81, ..y Sp—n) (i)

= min{sy, h(r —n+ 1551, ..., 5p_n)(a1) + h(r —n+1;81, .., 8p)(i —a1) — 1}
for i > a;.

By using a similar argument as in the proof of [CCD2, Proposition (1.1)] and
taking into account [CCD3], one proves that

(4.0.1) h(r—n+1;81,..,8—-n) < iL(T —n+1;81, ., 8pn) < S7.

Next one defines

0o 1 ~
G (n, 7581,y 8p_p) == Z (z )(51 —h(r—mn+41;81, ..., Sr—n)(7))
i=1

n—1

and shows, in a similar way as for G*(n,r; s1, ..., 5;) (see Proposition A), that there
exist rational numbers 77 and O such that

3 ~ 4—n
A< S 101 < s 2l =0+ 1) 42" n(n 4+ 8)]
3
and that
- n+1
s1
Gh(n, ;81,08 p) = ——
s1" 82 Sr—n—1 A
W[g—’—m—‘rf—’—‘%_n_“‘—’—l)—i_n} + 0.

In particular, one gets, as in Proposition B, that

6; < Gﬁ(n,r; S1y ey Sp—n) — Gh(n,r; S1yeey 8ic1,8i + 1)
for all i = 2,...,7 — n, from which, as in Section 2, one deduces the following:
Theorem 4.1. IfV € S(n,r;s1, ..., Sp—n) then py(V) < Gﬁ(n,r; S1yeeey Sren)-

Taking into account (4.0.1) and the fact that for ¢ € [a1 + 1, a1 + a2 + ag] one
has h(r—n+1; 81, ..., Sp—n) (i) < h(r —n+1; 51, ..., Sp_n) (i), one sees that Theorem
(4.1) improves Theorem (2.5), (i), in the case [ =r —n > 3.

As we are going to see, in codimension three and in some numerical range for
the s;’s, the upper bound Gh(n, n+3; s1, 82, s3) is sharp. Next we will characterize
the smooth complete intersections in P™*3 of type (a,b,c), with a >> b >> ¢, as
the smooth varieties of maximal geometric genus with respect to the flag condition
(n,n + 3;abe, be, ¢). In particular this applies to smooth surfaces in P5.

We keep the notation stated in (1.5), where we defined the functions h(4; s1, sz, s3).
In particular we put d = s1, s = s9 and t = s3.

Theorem 4.2. Fiz integersn > 1, d, s, t withd >> s >>1t,t > 2. Assume that s
divides d. Then the upper bound G"(n,n+3;d, s,t) is sharp (and, when 1 <n < 3,
it is attained by smooth varieties). In other words:

G(n,n+3;d,s,t) = Gﬁ(n,n +3;d,s,t) = maz{py(V) : V € S(n,n+ 3;d,s,t)}.
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In particular, in such a case, any variety V € S(n,n + 3;d,s,t) of mazimal geo-
metric genus must lie on a unique flag of type

V = Vd’n, C ‘/js’n,—i-l C ‘/;n-‘rQ C Pn+3.

For any such a variety V one has p,(V) = hO(V,wy) and hywo = h(4;d,s,t).
Moreover the generic curve section Vs(l) of VL is a curve of mazximal arithmetic
genus with respect to the flag condition (1,3;s,t).

Proof. Let U' C P"*3 be a generic, degenerate subvariety of dimension n + 1
and degree t — 1 — 8, and counsider F, G generic hypersurfaces containing U’ of
degrees respectively ¢ and o+ 1. Let U be the variety linked to U’ in the complete
intersection FFNG. Now let H be a generic hypersurface of degree m+1 (= %) and
put M =FNGNH,V' =U'NH and V = UNH (note that, by [PS], V is smooth
for 1 <n < 3). By using a similar argument as in the proof of (ii) of Theorem (3.1)
one sees that

(4.2.1) pg(V) = B (P2, Ty (v)) — hO(P™H5, Ty (v))

where v =m+a+t—n—2. Let P? be a generic linear 3-space of P"*3 and put
I"=P3NV’'and T = P> N M. As in Theorem (3.1) one has

hO(Pn+3,IV/(V)) _ hO(Pn+3,ZM(V)) — Z

- <m+a+t—3—i
1=0

)(hfu) (i)

n—1
and by direct computations one sees that, for all ¢,
he(i) — hro (i) = d — h(4;d, s, t)(m + o+t — 2 — i),

from which we deduce

(" Y- neo = (-0

= Gﬁ(n,n+3;d,s,t).

Then by (4.2.1) and Theorem (4.1) we get p, (V) = G"(n,n+3;d, s,t), which proves
that, at least in our range, the bound Gh(n, n+ 3;d, s,t) is sharp.

Next consider any variety V € S(n,n + 3;d, s,t) of maximal geometric genus.
The fact that it must lie on a flag follows by Theorem (2.5), (ii), taking into account
(4.0.2). By using the existence of this flag one sees that ([CCD3, Proposition (15),
(16) and Remark (17)])

(4.2.2) hyo > h(4;d,s,t).

Since py(V) = Gﬁ(n,n + 3;d, s,t), then one has, by Lemma (2.2), that py(V) =
hO(V,wy) and

(4.2.3) hy (i) = h(4;d, s,t)(i) for all i > n.

We have to show (4.2.3) for all 0 < i < n—1. To do this notice that h(4;d, s,t)(n) =
hvd@ (n) = (by Bezout’s theorem) = hy o (n) = (by [EH]) > hj,m(n —1) +
>

hyo(n) = (by [Hrl]) = h,o(n—1) + h(3‘; s,t)(n) = hvd(m (n—1)+ h(3;s,t)(n)
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(by (4.2.2)) > h(4;d, s,t)(n — 1) + h(3;s,t)(n) = h(4;d, s,t)(n), from which we de-
duce that thm) (n —1) = h(4;d,s,t)(n — 1). Continuing in this fashion one proves
(4.23) forall0 <i<n-—1.

It remains to prove that the generic curve section Vs(l) of V*1 is a curve of

maximal arithmetic genus with respect to the flag condition (1,3;s,t). To this
purpose, observe that, by [GLP], one has

pa(VIY) =ns+1— hym(s) =ns+1- hV;o) (s)
=ns+1—h(4;d,s,t)(s) = G"(1,3;s,t).
O

Theorem 4.3. Let V. .C P™*3 be an irreducible, reduced, nondegenerate projective
variety of dimension n > 1 and degree d, not contained in any hypersurface of degree
< t and in any (n + 1)—dimensional variety of degree < s, with d >> s >> t,
t > 2. Assume that py(V) = hO(V,wy) (e.g. V smooth or with only canonical
singularities) and that t divides s and s divides d. Then V' has mazimal geometric
genus with respect to the flag condition (n,n+3;d, s,t) if and only if V' is a complete
intersection of type (t, 7, %)
Proof. For a complete intersection V' of type (¢, 7, g) one has hy ) = 71(4; d,s,t)
and so, by Remark (2.3) and the previous theorem, it follows that V' has maximal
geometric genus.

Now assume that py(V) = G(n,n + 3;d, s, t). By the previous theorem we know
that for such a variety one has hy ) = iL(4; d, s,t), which is the Hilbert function of
a complete intersection in P? of type (¢, 2, 2). Combining this with the fact that

1T s
d >> s >> t and that, again by the previous theorem, V(%) belongs to a flag, we
have that V(%) is a complete intersection of type (¢, 2, %) and so also V is, by [Re,

110 s

Teorema 2]. |
In the particular case of surfaces, i.e. n = 2, we have the following;:

Theorem 4.4. Let V. C P% be an irreducible, reduced, nondegenerate projective
surface of degree d, not contained in any hypersurface of degree < t and in any
threefold of degree < s, with d >> s >>t, t > 2. Assume that py(V) = h°(V,wy)
(e.g. 'V smooth or with only canonical singularities) and that s divides d. Then
V' has mazimal geometric genus with respect to the flag condition (2,5;d,s,t) if
and only if V is a complete intersection of a hypersurface F of degree d/s with a
threefold T of degree s, whose generic curve section T C P3 is a curve of maximal
arithmetic genus with respect to the flag condition (1,3;s,t). In particular, V is
a.C.M.

Proof. First assume that V' = F'NT, with ' and T as in the statement. Then V' is
a.C.M. and a direct computation shows that hy ) = h(4;d, s,t). By Remark (2.3)
and our hypotheses py (V) = h9(V,wy ), it follows that p,(V) = G"(2,5;d, s,t), and
so, by Theorem (4.2), V is of maximal geometric genus.

Now assume that V' is of maximal geometric genus py(V) = G(2,5;d,s,t). By
Theorem (4.2), in order to show that V is a complete intersection of type V = FNT,
it suffices to prove that V is a.C.M. To do this, by [D, Theorem (3.7) and proof],
it is enough to show that the generic hyperplane section C' C P* of V is linearly
normal.
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Suppose not, and let £ be the linear system cut out on C' by the hyperplanes of
P%. Let o be a linear system on C such that £ C o C |O¢(1)], with dim(c) = 5
(= 1+ dim(¢)). The linear system o determines in P® a curve C of degree d
such that C is a birational projection of C in P4, As well as the curve C, also
C is not contained in any surface of P? of degree < s. Hence, if we denote by r
(T resp.) the generic hyperplane section of C' (C' resp.), we have h%(C, O¢(2)) —
ho(C,0c(1)) = hO(C,04(2)) — h°(C,05(1)) > hi(2) > (by Proposition (2.4))
> h(5;d,s)(2) = 12 > 10 > h(4;d, s,t)(2) = (by Theorem (4.2)) = hr(2). So we
have

(4.4.1) h(C,0c(2)) — R (C,0c(1)) > hr(2).
On the other hand, since p,y (V) = Gﬁ(2, 5;d, s,t), then
pe(V) = Z (1 = 1)(d — hr(i).

This implies, again by [D, Theorem (3.7), (10)], that
K(C, 00 (2) — K(C, Oc (1)) = hr(2),
which is in contrast with (4.4.1). |
As a consequence we have

Corollary 4.5. Fiz integers d >> s >>t > 2 and assume that s divides d. Let
V C P® be an irreducible, reduced, nondegenerate projective surface of degree d,
and let H be its generic hyperplane section. Assume that py(V) = h°(V,wy) (e.g.
V' smooth or with only canonical singularities). Then V satisfies a flag condition
of type (2,5;d,s,t) and has maximal geometric genus G(2,5;d, s,t) if and only if
H satisfies a flag condition of type (1,4;d, s,t) and has mazimal arithmetic genus
G(1,4;d,s,t).

Proof. If V- € 8(2,5;d,s,t) and py(V) = G(2,5;d,s,t), then, by Theorem (4.2),
V lies on a flag and so H satisfies a flag condition of type (1,4;d,s,t). Moreover
we have hr = B(4;d,s,t) and, by Theorem (4.4), we know that H is a.C.M. By
Remark (2.3) it follows that p,(V) = h%(V,wy) = G"(1,4;d, s, t), which is equal to
G(1,4;d, s,t) by Theorem (4.2).

Conversely, if H satisfies a flag condition of type (1,4;d, s, t) and has maximal
arithmetic genus G(1,4;d, s,t) then, by [CCD3], H is a.C.M. and hr = ]~7,(4; d, s,t).
Hence V', which certainly belongs to S(2,5;d, s,t), is a.C.M. and so has maximal
geometric genus by Remark (2.3) and Theorem (4.2). |

Remark 4.6. (i) Consider the set Hz(r; $1,...,81) := {hcwo : C € F(1,r;$1,....81)}
of all Hilbert functions of the generic hyperplane sections of curves

CeF(,r;s1,...,81).

Note that Hz(r; s1, ..., 8;) is partially ordered by the ordering h < b/ <= h(i) <
K (i) for all i. Consider the following property.
Property («). For any r, 81, ..., 81 with 81 >> ... >> s, and such that s; divides
Si—1 for alli =2, ....1, there exists the minimum function for the set Hx(r; s1, ..., 81).
Notice that Property () is certainly true when [ = 2 [CCD1] or r = 4 [CCD3|.
We do not know whether this is also true in the other cases. However, it may be
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interesting here to point out that Property («) implies the generalization of the
previous Theorem (4.3) to any codimension. More precisely, consider the following
property.

Property (3). Let V. C P™" be a projective variety verifying a flag condition of
type (nym + h;s1,...,8p), with s1 >> ... > sp. Assume that py(V) = h(V,wy)

and that s; divides s;_1 for all i = 2,....h. Then V has mazimal geometric
genus G(n,n + h;s1,...,s,) if and only if it is a complete intersection of type
(Sl7 SZS:I REES) i_;)

It is not hard to see that, if Property («) holds, then the minimum function for
the set Hx(r;s1,...,8;) is the Hilbert function of a complete intersection of type
(s, Sll ;o 55) in P771 Then, by using a similar argument as in the proof of

Theorem (4.3) (and taking into account Corollary (4.8) below), one can show that

Property (o) = Property (08).

(ii) By using a similar argument as in Remark (3.5), (i), and the main result
of [CCD3], one can see that, for all d >> s >> ¢, t > 2, there exist varieties
V € S8(n,n+3;d,s,t) such that h°(V,wy) = G"(n,n+3;d, s,t) and with geometric
genus py (V) = 0.

(iii) Notice that

Gﬁ(n7 n+3;d,s,t)
dntl v s
(n+1)ls * 2nlsn—1 [t +t-(n+d)
+O0(d" 1)

(t—1-p)1+p)(t— 1)]
st

with [O(d" )| < d* 55" [4m42 4 97— In(n + 8)].

We conclude this section by showing that, in the general case 2 <1 <r —n but
only for some particular range for the s;’s, the varieties verifying flag conditions and
of maximal genus G(n,r; s1, ..., s;) must lie on flags. We need the following lemma,
but first we recall again that the number 6;, which appears in its statement, was
defined in the statement of Proposition B (see §2).

Lemma 4.7. For any r,n, s, ..., s; with, as usual, s1 >> ... >> s;, there exists a

flag
4.7.1 V=Vrc..cvrti-lcpr
S1 Sy

of a.C. M. varieties such that Vs(ll) C P""=142 s a nondegenerate curve of mazimal
arithmetic genus.

For any such a flag there exist rational numbers 7 and O with |7 < % and
0] < sm 1825 J14(1 + 1) 4+ 27" n(n + 8)] such that

hO(V, wv)

Sln

+ [8_2 St _ #
)'52" 2nlson—tlsy 7T g0 r—n+1-1
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In particular, if pg(V) = hO(V,wy), then

n 4 n
G (0,781, ooy 30) — Dy (V) < %4—2 o152 44 1) g onTp(n 4 8)]
53

and so
G"(n,r;81,..,81) —pg(V) < &

Proof. In order to show the existence of the flag, notice that, by using [CCD2,
Lemma (2.6)] and the proof of [CCD2, Proposition (2.7)], one can construct a flag

1 1 —n+1
Vg, C..cV, cpP™"

of a.C.M. varieties such that, for the generic (r—n-+1—(l—1))-dimensional subspace
L of P="*1 the curve LN Vsll is of maximal arithmetic genus in L. Taking the
cone over this flag with vertex a generic (n — 1)—dimensional subspace of P", we
obtain the desired flag.

Now we compute h°(V,wy ). To do this, first assume n = 1 and [ = 2. In such
a case we have h(V,wy) = pa(V). By Remark (2.3) we know that p,(V!) =
Yici(s1 = hyo(i)). By [CCD2, Proposition (2.4), (i)], this sum is equal to

S1

Z?;—li_a2+1(81 — hv(o)(.» Put I, = [1 as + 1] I, = [ag + 2,0,1] and I3 = [a1 =+
1,a1 4+ a2 + 1]. One has pa(V) = X run(s1 — th(f) (@) + >, (51 — hvs(f) (i) =
a151 — ZI (o)( ) — le (o)( )+ Z[S (s1—h (o)(')) By Bezout’s theorem we
have h\/.§f>( i) = hv(l)( 1) for all i < a;. Moreover, by [CCD2, Proposition (2.4), (ii)],

and taking into account that Vs(z1 C P"!is a curve of maximal genus, we have
by (i) =1— G" (1,7 — 1; 89) + sy for all i > ag + 2 (here G"(1,7 — 1; s2) denotes
52

the upper bound for the genus of nondegenerate curves of degree sy in P™~!, found
by Castelnuovo [EH]). It follows that

pa(VD) = a1s1 — Z hy© (i) — Z(l — GM(1,7 = 1;89) +is2) + Z(sl —hyo (7).

12 13

And so, in order to evaluate pa(VS}), one can use the same calculatlons as in [CCD2,

3
Proposition (1.1)] and gets rational numbers |n| < 2 and |p| < 522)2 such that

82 S1 So
N viy=21L 422 _9_
PaVe) =55+ 515 r—2
Now, in the case n =1 and [ > 3, by using induction on [ as in [CCD2, Proposition

(1.1)], one can show that

+Tﬂ+p+1.

2
s 51 S2 Si
viy=2SL sz, S g 1
pa(Vy,) 2sg 2[53+ +Sl+1 r_l—|-77]—|—p—|- :
where 7 and p are suitable rational numbers such that |n| < 2 and |p|

(I + 21 + 9)s3/s3. Finally the case n > 2 follows exactly as in the proof of our
Proposition A (see the Appendix), taking into account that, by Remark (2.3), one
has

) =3 (17 )@ a,

i=1
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where I' is the intersection of V with the generic (r — n)—dimensional subspace
of P".

Now, by using our formulas for G"(n,7;s1,...,s1), & and h(V,wy), and the
numerical assumptions on the s;’s, one easily obtains the inequalities claimed in
the last assertion. O

Corollary 4.8. As usual, assume s1 >> ... >> s;. Moreover suppose that at least
one of the following conditions is satisfied.

(a) s; divides s;—1 for alli=2,..,l ands; > (n+1l—1)(r—n—-1+1)+2;

(b)l=r—n and s; divides s;—1 for alli=2,...,1 —1;

(c)r>2n+1-2)+3, 5> (n+l—1)(r—n—I+1)+2,0<b<r—n—I0+1,
b1 >a(r—n—14+1-=10) and s; divides s;—1 for alli=2,..,1—1.

Then there exist varieties V € S(n,r; 81, ..., 81) such that

n 4—n
)

Gh(n77‘; S1y ey Sl) — pq(V) < ﬁgﬁ =+ 25?_1 [4(l + 1)n+1 + 2"—1n(n + 8)]
nlsy

53
It follows that G"(n,r;s1,...,5) — G(n,7;51,...,8) < & and therefore the varieties
U verifying a flag condition of type (n,r;s1,...,51) and having mazimal geometric
genus G(n,7; 81, ..., 5) must lie on a flag of type U = U C ... C U£+l_1 cPr. In
other words, in the previous ranges, one has:

(4.8.1) G(n,r;s1,...,s1) = maz{py(U) : U € F(n,r;s1,...,51)}.

Proof. By Lemma (4.7), by Lemma (2.1), (1), and by Theorem (2.5), (ii), in order
to show our claim, it suffices to construct a flag such as (4.7.1), with p,(V) =
hO(V, wv).

Assume (a) holds. Fix in P" a Castelnuovo variety V™=! [Hr2]. One has

that Vs(ll) c Pr—7~14+2 ig 4 smooth curve of maximal genus. And it is known that
Vi1 is a.C.M. and that py (V1) = hO(V';H_l,wwlmﬂ). If we take the
intersection of V;}"’l_l with a generic hypersurface of degree SZS—’LI, then we get a
variety Vs’l‘j‘ll_2 - V;}"‘l_l which again satisfies these properties. Next we take the
intersection of V;}j’f‘z with a generic hypersurface of degree

Si—2
Si—1
Votl=3 c yprl=2 ¢ vrti=l with the same properties as before. Continuing in
this manner we obtain the flag.

In case (b), for any s,_p_1 >> $,—,, > 2, by Theorem (3.1), (ii) and its proof, we
can start by a flag V;:fk . C V;:i, where Vs’:if , is a variety linked to a generic
complete intersection of type (1,8,—n, — 1 — by_pn_1), by a complete intersection
of two generic hypersurfaces F(= V'~1) and G, of degree respectively s,_, and

Sr—n

and get a variety

ar_n—1 + 1. Note that Vs(},)n is a plane curve and so of maximal genus. Moreover
we know that V=2 is a.C.M. and that py (VS =2 ) = ho(‘/siiifu“vgjn,)- As
before, in order to construct the flag, we take the intersection of V;;if | with a

generic hypersurface of degree 2=="=2 and get a variety Vsr;f; , C VSTTfH . C vr-t,

Sp—m—1 Sr—n

Continuing in the same manner we construct a flag of a.C.M. varieties V;'Fn 2

i=mn,..,r — 1, and, by using a similar argument as in Theorem (4.2), (4.2.1), one
sees that pg (VY ) = ho(V¢i wyi +1) foralli =n,...r — 1.

Si—n+41 Si—n41"
Finally, in case (c), by [D, Example (4.2)], we know that, when s;_1 >> s,
there exists a flag V"71=2 € V™= of smooth and a.C.M. varieties, with V"1
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of Castelnuovo’s. As before, one extends the previous flag by taking intersections
with generic hypersurfaces of appropriate degree. O

Corollary 4.9. With the same assumptions as in Corollary (4.8), one has

(4.9.1) G(n,r;81,..,8i+1) < G(n,r;s1,...,8) foralli=2..1.

Proof. Combining Theorem (2.5) and Proposition B with the previous corollary,
we have

G(TL, 7581,y S5+ 1) < Gh(na 7581,y S5+ 1) < Gh(na 5815005 Sl) - 61

<GMh(n,risy, ., s) — 6 < G(n, 1581, .0 87).
O
Remark 4.10. (i) Note that property (4.9.1) implies (4.8.1).

(ii) With the same assumptions as in Corollary (4.8), we deduce that, for a
suitable rational number n*, with |n*| < 3/2, one has

51n+1
(naTa 51, 7Sl) (TL—|— 1)!8277’
s1™ So Sy 2 . -
_— =t ..+ — -] — _ -1 10 )
2n!52"—1 [53 + + Si+1 7"_7'L+1—l +TI (7’L )} + (Sl )

5. SOME BOUNDS FOR CASTELNUOVO’S REGULARITY
OF VARIETIES VERIFYING FLAG CONDITIONS

In this section we establish some bounds for Castelnuovo’s regularity of the vari-
eties V € S(n, r; s1, S2, ..., ;) under the assumption that V' is a.C.M. (see Theorem
(5.2) below) or that [ = 2 (Theorem (5.3)), extending [CCD2, Proposition (2.4)]
to higher dimensional varieties. First we show the following easy consequence of
[CCD2, Proposition (2.4)] and our Lemma (2.1).

Lemma 5.1. Assume V € S(n,r;s1,...,81), with s1 >> ... >> s;. As in (1.3),
define the numbers ay, ...,a; by dividing s; — 1 = a;8;41 + b;, 0 < b; < 841, for all
i=1,...,1, where s;y1 :=r—n—1+ 1. Then one has:

(1) HY(P",Zy o (i) = 0 for alli > ay + ... + a; + 2;

(2) HI(P", Oy (i) =0 forall j=1,...n and i > a1 + ... + a; +2 — j.

Proof. In order to prove (1), consider V(Y. By Lemma (2.1), (3), we know that
v e Uézzf(l,r —n+ 1;81,892,...,8 + 1) UF(A,7 — n + 1;s1,82,...,51). If
Vv ¢ F(1,r —n + 1;581,59,...,5) then, by [CCD2, Proposition (2.4)], we have
(1). Otherwise, if V(1) € .f’-:(lm —n+ 1581, 89,...,8 + 1) for some i = 2,...,1,
then, again by [CCD2, Proposition (2.4)], we have that H'(P",Z () (i)) = 0 for all
i>ay + ... + @ + 2, where @y, ...,a; are the corresponding numbers ay, ..., a; with
respect to the sequence s1,...,s; + 1. Now property (1) follows by observing that,
by our numerical assumptions, one hasay + ... +a; +2 < a1 + ... + a; + 2.

To prove (2), first note that the case j = 1 is an immediate consequence of (1).
Hence assume j > 2 and notice that our vanishing follows by induction on j, by
using the natural exact sequence:

I’I‘j_l(PT7 Ov(j—l) (2)) — HI (PT, Ov(j) (Z — 1)) — HI (Pr, Ov(j) (z)) — 0.
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As an immediate consequence we have the following theorem which, in the case
of codimension two and for s; >> so > 3, improves [NV, Corollary 15].

Theorem 5.2. Let V C P be an a.C. M. variety with V € S(n,r;s1, ..., 81), 81 >>
... >> s;. Define the numbers aq, ..., a; by dividing s;—1 = a;s;41+b;, 0 < b; < $i41,
foralli=1,....1, where si11 :=r—n—1+1. Then V is (a1 + ... + a; + 3)-reqular
(in the sense of Castelnuovo-Mumford). In particular the defining ideal I(V) of V
is generated by forms of degree < a1 + ... + a; + 3. O

Now we show another regularity result, whose proof only works for [ = 2. As
in Section 3, put d = s1, § = s2, m = a1, w = ag and assume V € S(n,r;d, s).
Notice that, by Lemma, (2.1), (4), we know that V) € S(i,r — n + i;d, s) for all
i=1,..,n Put wW(VO):=m+w+3and, fori=1,...,n,

p(V) = p(V D)
S igigg (THI—1
+[ :0( 1)i+1+ < : )

j J
h(i i —mai—iids) — (i-3) }
X (G"(i = j,r =n+i—jid,s) = pa(V')) Dyt
Recall that, when n = 1, p,(V) < G"(1,7;d,s) [CCD1], and that for any d >> s
there are varieties V € S(n,7;d, s) such that p, (V")) = G"(n — j,r — j;d, s) for
all j = 0,...,n — 1 (Remark (3.5), (i)). Now we are going to show the following
theorem, which should be compared with [D, Theorem (2.1)].

Theorem 5.3. Let V C P" be a projective variety and assume that V € S(n,r;d, s)
and d >> 5. Put p = (V) and p' == p(V®=D). Then the following properties
hold.

(1) V is u-regular.

(2) p>p >m—+w+3.

(8) For all T > 1’ — 1 one has

n—1 .
. —1 .
>y (T o ) (G =G = jsd,5) = pa(VD)] 2 0.
— J

7=0

Proof. We will use induction on the dimension n. Notice that the case n = 1 follows
by [CCD2, Proposition (2.4)]. Hence we only have to analyse the case n > 2. Recall
that, in order to show property (1), we have to prove

(5.3.1) HY P, ITy(u—1i)) =0 forall i=1,..,7

First we show (5.3.1) for i = 1. Since V(»=Y € S(n — 1,7 — 1;d, s), then, by
induction, the homogeneous ideal of V("~1 is generated in degree ¢t < p/. In a
similar way as in [CCD2, Proposition (2.4)], it follows that for any ¢ > u' — 1
one has h'(P",Zy(t + 1)) < maxz{0,h'(P",Zy(t)) — 1}, from which we obtain
RY(P", Iy (t)) = 0, for all t > p/ — 1+ h*(P",Zy (¢ — 1)). So, in order to prove
(5.3.1) for ¢ = 1, we only need to show that

WP, Iy (4 — 1))

(5.3.2) — oyt (W T2 M — ir— id s) — (=]
< 0( 1) +1+< . )[G( Jyr = jids) = pa(V )}

—

J

<.
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For this purpose notice that, by using Lemma (5.1) and the fact that g’ > m+w+3,
we have

W (P", Ty (W — 1)) = hO(V,Ov (i = 1)) = hy (' = 1) = pv (' — 1) — hy (' — 1)

by [D, Lemma (2.4)]

by [D, Corollary (2.9)]

n—1 ) / + ) )
=S (T2 [0 = id) = ()
=0

This shows (5.3.2) and so (5.3.1) for ¢ = 1. Notice that property (2) follows by
(5.3.2). In a similar way one proves property (3) for 7 > p/ — 1.
Finally observe that, in the case ¢ > 2, by using the natural exact sequences

H'™HV,0y(j = 1)) = H'(P", Ty (j — 1)) — H'(P", Op+(j — 1)),

H72(VOD Oy () = HTHV,0v(j — 1)) — H™H(V, 0v(j))
— H=H VD 00 (7)),

one deduces the vanishing claimed in (5.3.1) as a consequence of the p’'—regularity
of V("=1) of Lemma (5.1) and of property (2). |

Remark 5.4. By taking into account the generalized Laudal’s lemma [St], and the
proof of previous theorems, one has that, in the case of codimension two, i.e. r—n =
2, all the results in this section hold for d > s% + s.

Now fix a surface V of degree d in P*, not lying on an hypersurface of degree < s,
with d > 52 4+ 5, and put v = G"(1,3;d,s) — po(V)). By the previous Theorem
(5.3), (3), we have p,(V) > G"(2,4;d,s) — v((d —1)/s + s + 1 + ). By direct
computations one sees that

GM(2,4;d,5) > d3/65% + d*(s — 5)/4s + d(25° — 215% 4 295 + 12) /125

— (25° + 95" — 55 + 10s% — 4) /125,
and so we get the following lower bound for the Euler characteristic x(Oy) of V:

(5.4.1) x(Oy) >d®/65> + d*(s — 5)/4s + d(2s® — 215% 4 295 + 12) /125
—(25° +9s5* — 553 — 252 —4)/125> —y((d —1)/s+ s+ 1+7)
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(see also [J] for the case s = 2). Under the same hypotheses, but with d > s — s,
another type of lower bound is the following [D, Theorem (2.1) and proof]:

(5.4.2)

x(Ov) > d*/6s* + d*(s — 5)/4s+d(2s® — 215 + 295 + 12) /125
— (28 + 95 — 553 — 25% — 4)/125% — t,
where ¢ is any integer > m + s — 1 such that py (t) > hy(t) (and so, by [GLP], we
may take t = d — 3).

Both inequalities (5.4.1) and (5.4.2) should be compared with the lower bound
[BF, (1.1), (e)], stated in a different way and for the case when V is smooth and
s is the minimal degree of a hypersurface containing it. For instance, with these
hypotheses, it is know (by [EP]) that v < d(s — 1)?/2s. Hence we may replace
with d(s —1)?/2s in (5.4.2) (and t with d — 3), and get

X(Oy) > d*/6s* — d*(25® — s+ 7)/4s + d(2s® — 3s® — Ts + 30)/12s

— (25 + 95" — 553 — 257 — 4)/125%,
which is, for d > s? — s and s > 5, a lower bound better than the corresponding

bound of [BF, (1.1), (e)]. Moreover, for d >> s > 13 and small values of v, also
the inequality (5.4.1) improves [BF, (1.1), (e)].

APPENDIX

The purpose of this appendix is to prove Propositions A and B claimed in Section
2. We keep all the notation and conventions stated in (1.3), (1.4) and (1.5), and
refer to all the numerical properties of the functions h(r — n + 1;s1,...,8;) from
[CCD2, Proposition (1.1)]. In particular, recall that given the integers s1, ..., 51, we
define the numbers a; and b; by dividing s; — 1 = a;8;4+1 + b;, 0 < b; < 8441, for all
i=1,...,1, where s;11 :=r—n—-1+1.

Proof of Proposition A. For the case n = 1 we refer to [CCD2, Proposition (1.1)].
Hence we assume n > 2.

In order to simplify our notation, first put h := h(r — n + 1;s1,...,8). Next
consider the following intervals of integer numbers:

L :=[1,a2 + ... + a; + 1],
Iy:=laz+ ... +a+2,a1],
Is:=la1+ 1,61+ ... +a; + 1]

By [CCD2, loc. cit.], we know that
(A1) GMnyrist,ns) = 3 <;__11> (51— h(D)) + > (;:D (51 — h(i)).

LUI, Is
We first compute ) ; ;. (S
(A.2)

> (;__11)(51 — h(i)) = i (;:Dsl -3 (;__Dh(i) -3 (TZL:D}L(Z)

I1Uly =1 I Iz

)(s1 — h(@)). For this purpose observe that
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We analyse these three terms. First we have, taking into account that a1 = %,
0 < b1 < S92,
(A.3)

2= ai 51,87 5?_1 n\ st
E , = =212 by +1) — L 01+ 0
(n—l)sl (n)sl n![s’; sy (br+1) (2) Tl 401+ 0

i=1 2 s2

where

0y= 13" (7) ey =ty ()i(””) oy,

and, by elementary calculations which we omit,

Sn—l n 1
|01 < (n—2)=L—, |0|<4i
S2 S2

Now we estimate

(A4) 05:=—%" (;__Dh(i).

I
We have
i—1 az+...+a; i—1 i .
Z(n—l) (n—l)[ h(r —n; s, ..., s1)(5)] <
Iy i=1 =0

(by [CCD2, loc. cit., (ii)]

az+...+a; i—1 % az+...+a; i—1 az+...+a; i—1
SIS 6 [d SRS S Hy S o Hy X

i=1 j=0 i=1
<a2—|—...—|—al—|—1) <a2—|—...—|—al—|—2>
= $9 + nsso »
n n+1
from which one gets, by simple computations,
n+2
18
|03| < (l + 1)n+ n+1
83

Now we turn to the calculation of — Y, (*“})h(i). By [CCD2, loc. cit., (iv)],
we have

(A5) %:(;:i)h(i)_g(;__11)(1—774—1'52),

where 7 := G"(1,r — n;s2,...,5) (when [ = 2, we denote by G"(1,7 — n; s3) the
upper bound for the genus of nondegenerate curves of degree s in P, found by
Castelnuovo [EH]). First notice that, setting

Oy 1= <a2+...+al+1)(1_w)7 O ::_[<a1) —ﬁ}(l—w),

n
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we have

Z<£:11>(1—7T)—2—11;(1—7r)—04—05.

Iz

By [CCD2, loc. cit., (1.2)] one has

s3
(A.6) < —=.
53
Hence we get
I sht?
04] < =27
= +1
n! sg

On the other hand, since

<a1) _ 1 [a} — (”)cﬂf_l} +0(a??), with |O(a?"?)| < (n—2)a?2,

n n! 2
then
1 (n n—1 n—2 n—1
05 < [ (5 )@t~ + (= 2)ar =21 = 7] < (0~ Va1 = 7,

and so, by (A.6), we obtain

5?_1
05| < (n—1)7=
2 33
Moreover we have,
a 1 st
Bem = Saem -0,
where
1— 7= /n\,s1. . —b—1_ st
Og := — { . —"Z—l} and |Og| < 21 .
6 n! ;<z)(82) ( 82 ) 1Ol < sh 353
Hence
1—1 1 s?
(A.7) —Z( )(1—7r)=——'—:l(1—7r)+04+05+06.
i n—1 n! sj
Now, in order to estimate — ", isy (17}), we notice that
i1 7))
- 2
i n—1
n+1 n 2
n S1 1 51 n
A8 = — — —b —1)— — O7 4+ Og + O
(A8) (n+1)! spm n!SQ”[n(S2 1= 1) 282}4_ 7+ st O,
where
O- — ns as+...+a;+2
7= 2 n+1 3

o a; +1 nss ntl n+1 "
Os = n82<n—|—1>+(n+1)![(a1+1> < 2 )(a1+1) )
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and
ns O+ 1) s s9—br —1
— 2 Slyntl—i(22 71 T 2y
Oo := (n—i—l)![;( i >(52) ( $2 )
n+1\ <= (1) 51, ;8 —b —1
< 2 );(i)(sz) ( 52 '
with
Sn+2 Sn—l Sn—l
|07 < (1+1)"*! si“’ |0s| < 2" 'n(n — 1)8;_2, |0g| < 4n8;_2.
3 2 2
Consequently, by (A.5), (A.7) and (A.8), we get
1—1 1 s}
- (L2 =-mEa-m
1>
n st 1 g n? ?
A9 _— - = —b—1)— — 0;.
(A-9) (n+1)! s n! so™ [n(52 ! ) 2 82} + ;
By (A.2), (A.3), (A.4) and (A.9), it follows that
(A.10)
i—1 s si" 2w — 2 2
IZU; (n — 1) (1= h(@) = (n+1)lsgm + 2nlsyn—1 [ sy n} + ;OZ'

Now we need the explicit expression for 7 given in [CCD2, loc. cit.], i.e. (when
1>3)

m=G"1,r —n;sa,....8)

2
85 S2 [ 83 S1 2 , ,
=4+ {--+. .+ 41— 1

283+2<S4+ +T—n+1—l * T—n+1—l+n)+p+’

where 1’ and p’ are rational numbers depending only on r —n + 1 — 1, s3, ..., s; and
3

by, such that /| < 3, |p/| < [(I —1)%+2(I — 1) 4 9]3%. Plugging the previous
4

formula into (A.10), we deduce that

> (a0 s

where n (= 7' + %%/) is exactly the number which appears in the formula for
G"(1,r —n + 1;s1,...,8) stated in [CCD2, loc. cit.], and therefore || < 2. By
a similar computation, one obtains the same expression for 3=, . (1=1)(s1 — h(i))
in the case of [ = 2.

Hence, by (A.1), to conclude the proof it remains to estimate

0 =3 (1) s = )

I3
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and Z}il O;. To do this notice that, by [CCD2, loc. cit.],

O < ; (;__11)(51 ) =Y (;:D(sl s —147)

I3

(A1) — (b +7) aﬁ'fLH (2 - 1).

. n—1
1=a1+1

1
In order to evaluate Z?;;J:aﬁ (

as + ... +a; + 1. One has

‘“*'ic”“ i—1 ff ay+a—i—1
n—1) n—1

i=a1+1 =0

i—1
n—1

) and to simplify the notation, put o :=

art+a—1 o n—1 n-1__ n—1 n—1
<a< e 1 ><(n_1)'(a1+a) <2 mal < 2aai™".

Hence we get, by (A.6) and (A.11),

O —+s aa 4l———
1o = S3 2 ! o 83_483

because a < las.
Finally, put
10
0:=>0;
i=1
and note that, by using all previous bounds for the O;’s, one has

4—n

0] < 877" 2[4l + 1) + 2" n(n + 8)].

2
3

|

Proof of Proposition B. First we analyse the inequality (ii) for ¢ = 2. To do this
notice that by Proposition A we get

Gh(n,r;s1,...,8) — G"(n,r; 51,50 + 1)

n

s1 251 7 (0O—=0")2nlsy" "t
i }»
2nlson =t L(n + 1)s2(s2 + 1) 2 51"

where O’ has, with respect to G"(n,r;s1,s2 + 1), the same meaning as O has
with respect to G"(n,r;s1,...,5). Now, by taking into account our numerical
assumption (1.4.4), again by Proposition A we have

} (O —O0")2nlsy" 1

51”

1
< o
-2
and so, continuing our calculations, it follows that
Gh(n,r; Sly-eey SZ) - Gh(n,r; S1, 52 + 1)

Sln 251

= 2nlsyn—1 [(n+1)52(52+1) —(+n+4)]
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which is 2. In a similar way one analyses the case 3 < ¢ < [. Finally we notice
that property (i) is an immediate consequence of our numerical assumption s >>
e >> 8. |
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